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We study the pion velocity at the critical temperature of chiral symmetry restoration in QCD. Starting from the 
premise that the bare effective field theory is to be defined from the underlying QCD, we incorporate the effects of 
Lorentz non-invariance into the bare theory by matching an effective field theory to QCD at a suitable matching scale, 
and investigate how the Lorentz non-invariance existing in the bare theory influences physical quantities. Using the 
hidden local symmetry model as the effective field theory, where the chiral symmetry restoration is realized as the vector 
manifestation (VM), we find that the pion velocity at the critical temperature receives neither quantum nor (thermal) 
hadronic corrections at the critical temperature even when we start from the bare theory with Lorentz symmetry 
breaking. This is likely the manifestation of a new fixed point in the Lorentz non-invariant formulation of the VM. 



1. Introduction 

Chiral symmetry in QCD is expected to be re- 
stored under some extreme conditions such as large 
number of flavor Nt and high temperature and/or 
density. In hadronic sector, the chiral symmetry 
restoration is described by various effective field the- 
ories (EFTs) based on the chiral symmetry [I]. 

By using the hidden local symmetry (HLS) 
model |2] as an EFT and performing the Wilsonian 
matching which is one of the methods that determine 
the bare theory from the underlying QCD [3], the 
vector manifestation (VM) in hot or dense matter 
was formulated in Refs. 1 115 j . In the VM, the mass- 
less vector meson becomes the chiral partner of pion 
at the critical point [B] #U There, the intrinsic tem- 
perature or density dependences of the parameters 
of the HLS Lagrangian, which are obtained by inte- 
grating out the high energy modes (i.e., the quarks 
and gluons above the matching scale) in hot and/or 
dense matter, play the essential roles to realize the 
chiral symmetry restoration consistently. 

In the analysis done in Ref. [7], it was shown 
that the effect of Lorentz symmetry breaking to the 
bare parameters caused by the intrinsic tempera- 
ture dependence through the Wilsonian matching 
are small |7I8| . Starting from the bare Lagrangian 
with Lorentz invariance, it was presented that the 
pion velocity approaches the speed of light at the 
critical temperature although in low tempera- 
ture region (T <C T c ) the pion velocity deviates from 
the speed of light due to hadronic corrections [Hj . 

However there do exist the Lorentz non-invariant 
effects in bare EFT anyway due to the intrinsic 

# 1 As studied in Ref. 1 1 21 in detail, the VM is defined only as 
a limit with bare parameters approaching the VM fixed point 
from the broken phase. 



temperaure and/or density effects. Further the 
Lorentz non-invariance might be enhanced through 
the renormalization group equations (RGEs), even 
if effects of Lorentz symmetry breaking at the bare 
level are small. Thus it is important to investigate 
how the Lorentz non-invariance at bare level influ- 
ences physical quantities. 

In this paper, we pick up the pion velocity at 
the critical temperature and study the quantum and 
hadronic thermal effects based on the VM. The pion 
velocity is one of the important quantities since it 
controls the pion propagation in medium through 
the dispersion relation. 

Our main result is that the pion velocity does not 
receive either quantum or hadronic corrections in the 
limit T — > T c : 

U*(T) = U w>ba xe(T), (1.1) 

independently of the value of the bare pion velocity 
Unbare- This non-renormalization property on the 
pion velocity is protected by the VM. Equation (|l.lfl 
implies that the Lorentz non-invariance at bare level 
is directly reflected on the physical pion velocity at 
the critical temperature. 

This paper is organized as follows: In section 
we show the HLS Lagrangian with Lorentz non- 
invariance and the conditions satisfied at the critical 
temperature for the bare parameters. In section [3J 
we show that the conditions for the bare parametes 
at the critical temperature are satisfied in any en- 
ergy scale and that this is protected as a fixed point 
of the relevent RGEs. In section 0] we show the 
quantum and hadronic corrections to the pion ve- 
locity and derive our result (|1.1|) . In section [SJ we 
give a summary and discussions. 
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2. Hidden Local Symmetry 

Since Lorentz symmetry breaking effects are in- 
cluded in the bare theory through the Wilsonian 
matching, the HLS Lagrangian in hot and/or dense 
matter is generically Lorentz non- invariant. Its ex- 
plicit form was presented in Ref. 0. In this sec- 
tion, we start from this Lagrangian with Lorentz 
non-invariance, and requiring that the axial-vector 
current correlator be equal to the vector current cor- 
relator at the critical point, we obtain the conditions 
for the bare parameters. 

2.1. Lorentz Non-invariant HLS Lagrangian 

In this subsection, we show the HLS Lagrangian 
at leading order including the effects of Lorentz non- 
invariance. 

The HLS model is based on the Ggiobai x -Hiocai 
symmetry, where G = SU(N f ) L x SU(N f ) R is the 
chiral symmetry and H = SU(Nf)y is the HLS. The 
basic quantities are the HLS gauge boson and 
two matrix valued variables £,l(x) and £,r{x) which 

transform as £l,r( x ) — ¥ £l,r( x ) = H x )£.l,r( x )9l,r> 
where h(x) € H\ oca \ and gL,R G [SU(7V/)l ,r] global ■ 
These variables are parameterized as # 2 



(2.1) 



where it — ir a T a denotes the pseudoscalar Nambu- 
Goldstone bosons associated with the spontaneous 
symmetry breaking of Ggiobai chiral symmetry, and 
a = tJ a T a denotes the Nambu-Goldstone bosons as- 
sociated with the spontaneous breaking of H\ oca \. 
This a is absorbed into the HLS gauge boson 
through the Higgs mechanism, and then the vector 
meson acquires its mass. F* and F l a denote the tem- 
poral components of the decay constant of 7r and tr, 
respectively. The covariant derivative of £l is given 
by 



(2.2) 



and the covariant derivative of ^r is obtained by the 
replacement of £ M with TZ^ in the above where 
is the gauge field of H\ oc& \, and and TZ^ are the 
external gauge fields introduced by gauging Ggiobai 
symmetry. In terms of and TZ^, we define the 
external axial- vector and vector fields as = (TZ^ — 
£ M )/2 and V M = (ft M + £ M )/2. 

In the HLS model it is possible to perform the 
derivative expansion systematically |ll)lllll2j . In 
the chiral perturbation theory (ChPT) with HLS, 
the vector meson mass is to be considered as small 



# 2 The wave function renormalization constant of the pion 
field is given by the temporal component of the pion decay 
constant Thus we normalize it and a by and F* 

respectively. 



compared with the chiral symmetry breaking scale 
A x , by assigning 0(p) to the HLS gauge coupling, 

g ~ 0(p) HUE]]. ( For details of the ChPT with 
HLS, see Ref. J2].) The leading order Lagrangian 
with Lorentz non-invariance can be written as |S] 



C = 



{Fl) 2 u^u v + FlFS{g^-u^u v ) 



{FtfupUv + F*F° { 9fiV - u M u„) 



« ||U ,I 



-—u l _ l u a g u f 3 
9l 



7TT (9fia9v0 
zg T 



where 



_L, 



ctr \V» u V af} ] 



= ^[D^R< R TD»t L .£} L ]. 



2u l _ l u a g vf }) 
(2.3) 

(2.4) 



Here F% denote the spatial pion decay constant and 
similarly F% for the a. The rest frame of the medium 
is specified by u' 1 = (1,0) and V^„ is the field 
strength of V^. gh and gx correspond in medium 
to the HLS gauge coupling g. The parametric 7r and 
a velocities are defined by ^Sj 



V 2 = F s IF 



V 2 = F s IF 1 



(2.5) 



2.2. Conditions for the Bare Parameters 

In this subsection following Ref. 5 where the con- 
ditions for the current correlators with the bare pa- 
rameters in dense matter were presented, we show 
the Lorentz non-invariant version of the conditions 
satisfied at the critical temperature for the bare pa- 
rameters. 

Concept of the matching in the Wilsonian sense is 
based on the following assumptions: The bare La- 
grangian of the effective field theory (EFT) £barc 
is defined at a suitable matching scale A. Generat- 
ing functional derived from £bare leads to the same 
Green's function as that derived from the generating 
functional of QCD at A. In other words, the bare pa- 
rameters are obtained after integrating out the high 
energy modes, i.e., the quarks and gluons above A. 
When we integrate out the high energy modes in hot 
matter, the bare parameters have a certain tempera- 
ture dependence, intrinsic temperature dependence, 
converted from QCD to the EFT. The intrinsic tem- 
perature dependence is nothing but the signature 
that hadrons have an internal structure constructed 
from quarks and gluons. In the following, we de- 
scribe the chiral symmetry restoration based on the 
point of view that the bare HLS theory is defined 
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from the underlying QCD. We note that the Lorentz 
non-invariance appears in the bare HLS theory as 
a result of including the intrinsic temperature de- 
pendence. Once the temperature dependence of the 
bare parameters is determined through the matching 
with QCD mentioned above, the parameters appear- 
ing in the hadronic corrections pick up the intrinsic 
thermal effects through the RGEs. 

The axial- vector and vector current correlators at 
bare level are constructed in terms of bare parame- 
ters and are divided into the longitudinal and trans- 
verse components: 



u A,v 



p^ G L 



A,V 



P^G T 



A,Vi 



(2.6) 



where P^r are ^ ne longitudinal and transverse pro- 
jection operators, respectively. The axial-vector cur- 
rent correlator in the HLS around the matching scale 
A is well described by the following forms with the 
bare parameters |5I7| : 



G 



A(HLS) 



G 



A(HLS) 



(po,P) 

(P0,P) 



2 pi ps 

r 7T,barC 7T,barc 

-[Po-^.bareP 2 
7T, bare 7T, bare 



2(pg 



2„£ 



-2,ba 



P^^barc) 



(2.7) 



We define the bare parameters a bare and a bare as 

2 / \ 2 

I /■■' . \ 

t 



TPt 
cr.bare 



F, 



7r,bare 



a 



cr.bare 



bare 



(2.11) 



7r,barc 



and the bare a and transverse p velocities as 



V 

' rr 



cr, bare 



#L,ba 



cr.bare 9t, 



(2.12) 



Now we consider the matching near the critical 
temperature. At the chiral phase transition point, 
the axial- vector and vector current correlators must 
agree with each other: G^ HLS ^ = Gy^ HLS -j and 

G^(hls) = ^VfHLSV These equalities are satisfied 
for any values of po and p around the matching scale 
only if the following conditions are met: 



9L.ha 



1j a barc > 1) 

-+0, 5T ,baro^0 for T ^ T c . (2.13) 



This implies that at bare level the longitudinal mode 
of the vector meson becomes the real NG boson and 
couples to the vector current correlator, while the 
transverse mode decouples. 

3. Vector Manifestation Condition 



where z 2 L barc 



and zj bare are the coefficients of the 



higher order terms, and V^bare is the bare pion ve- 
locity related to F* bare and F* baxe as 



y 7T, bare 



7r,bare 

pi 
7T,bare 



(2- 



Similarly, two components of the vector current cor- 
relator have the following forms: 



Gv(HLS)(P0,P) 

2 pt ps 1-t 
y cr.bare cr.bare \ 



2g 2 



L,barc 3, bare 



2p 2z l'bare 



o( P 4 



G v {aLS) (p ,p) = 



^p.bare 



cr.bare cr.bare 



pI-v, 



2 f.2 
T,barcP 



^p'bare 



X \vl (1 



25. 



L, bare 3, bare J 



~ ^TbarcP 2 (l — %9T,baxe Z 3,baxe)] 
- 2 fro^bare " ^^bare) + 0(p 4 ) , (2.9) 

where z^ 2 bare and z[ 2 bare denote the coefficients of 
the higher order terms. In the above expressions, the 
bare vector meson mass in the rest frame, M Pj bare, 
is 



M 



p.barc 



— 2 rpt rps 

"L.barc cr.bare cr, ba 



(2.10) 



In this section, we show that the conditions for 
the bare parameters for T — > T c are satisfied in any 
energy scale and that this is protected by the fixed 
point of the RGEs. 

It was shown that the HLS gauge coupling g = is 
a fixed point of the RGE for g at one-loop level |14I3| . 
The existence of the fixed point g — is guaran- 
teed by the gauge invariance. This is easily under- 
stood from the fact that the gauge field is normalized 
as V/j, — gPii- In the present case without Lorentz 
symmetry, the gauge field is normalized by g^ as 
Vfj, = SLPfj, and thus gi, = becomes a fixed point 
of the RGE for g L . 

Provided that g^ = is a fixed point, we can 
show that a* = a s = 1 is also a fixed point of the 
coupled RGEs for a* and a s as follows: We start from 
the bare theory defined at a scale A with a baro = 
a barc = 1 {and gL = 0). The parameters a* and 
a s at (A — 6 A) are calculated by integrating out the 
modes in [A — SA, A}. They are obtained from the 
two-point functions of and V M , denoted by II j" 



and nf' 1 '. We decompose these functions into 



= u^ii^ii + w - u^ l u v )ii 



+prnin 



(3.1) 



where u»u u , (g^ - u^u"), P£ u and P£ v denote the 
temporal, spatial, longitudinal and transverse pro- 
jection operators, respectively. The parameters a* 
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Thus the VM condition is given by 



(a) 



(b) (c) 



Figure 1. Diagrams for contributions to II ^ at one- 
loop level. 



(a) (b) (c) (d) 

Figure 2. Diagrams for contributions to Utf" at one- 
loop level. 



and a s are defined by a* = II* /n^ , a s = U^/U s j_ [HI - 
These expressions are further reduced to 



a* (A - 5 A) = a b 



bare 



Il\(A ] A-6A)-ai are n t ± (A;A-SA) 



a s (A-5A)=a^ l . c + 



pt ps 
7r,barc 7r,barc 



m(A;A-5A)-a bare ni(A;A-5A) , (3.2) 



where (A; A — 6 A) denotes the quantum correc- 
tion obtained by integrating the modes out between 
[A — 6 A, A]. We show the diagrams for contributions 
to II^" and Ilj^ at one-loop level in Figs. Q and [21 
The contributions (a) in Fig. ^ and (a) in Fig. [21 
are proportional to g\ barc . The contributions (c) in 
Fig-ffland (d) in Fig.[21are proportional to (a baro — 1). 
Taking g L , hmc = and a baro = a^, aro = 1, these con- 
tributions vanish. We note that a (i.e., longitudinal 
vector meson) is massless and the chiral partner of 
pion at the critical temperature. Then the contri- 
butions (b) and (c) in Fig. [21 have a symmetry fac- 
tor 1/2 respectively and are obviously equal to the 
contribution (b) in Fig. ^ i- e -7 Hj 
Thus from Eq. (|3.2I) . wc obtain 



a t (A-5A) = a 
a s {A-SA) 



bare 



(3.3) 



This implies that a* and a s are not renormalized at 
the scale (A — 6 A) . Similarly, we include the correc- 
tions below the scale (A — 6 A) in turn, and find that 
a* and a s do not receive the quantum corrections. 
Eventually we conclude that a* = a s = 1 is a fixed 
point of the RGEs for a 4 and a s . 

From the above, we find that (gL, a*, a s ) — (0, 1, 1) 
is a fixed point of the combined RGEs for gL, a* and 



9l - 
- 1, 



>0, 
a s 



1 



for T ^T c 



(3.4) 



The vector meson mass is never generated at the 
critical temperature since the quantum correction 
to Mp is proportional to g\. Because of gL — > 0, 
the transverse vector meson at the critical point, in 
any energy scale, decouples from the vector current 
correlator. The VM condition for a* and a s leads to 
the equality between the tt and a (i.e., longitudinal 
vector meson) velocities: 



F°Fl/F*FlY 

T—*T C 



a /a 



1. 



(3.5) 



This is easily understood from a point of view of the 
VM since the longitudinal vector meson becomes the 
chiral partner of pion. We note that this condition 
V a = V n holds independently of the value of the barc 
pion velocity which is to be determined through the 
Wilsonian matching. 

4. Pion Velocity at Critical Temperature 

As we mentioned in Introduction, the intrin- 
sic temperature dependence generates the effect of 
Lorentz symmetry breaking at bare level. Then how 
does the Lorentz non-invariance at bare level influ- 
ence physical quantities? In order to make it clear, 
in this section we study the pion decay constants 
and the pion velocity near the critical temperature. 

Following Ref. [JJ, we define the on-shell of the 
pion from the pole of the longitudinal component 
G\ of the axial-vector current correlator. This pole 
structure is expressed by temporal and spatial com- 
ponents of the two-point function II^ . The tempo- 
ral and spatial pion decay constants are expressed 
as follows [715]: 

(/*(p;T)) 2 = U t ± (V 7r p,p;T), 
fi(p;T)ti(p;T) = TL' ± (y«p,jr,T), (4.1) 

where the on-shell condition po — » V^p was taken. 
We divide the two-point function n^" into two parts, 
zero temperature (vacuum) and non-zero tempera- 
ture parts, as 11^ = n^"" + , The quantum 
correction is included in the vacuum part Tj^ vac ''' lly , 
and the hadronic thermal correction is in . In 
the present perturbative analysis, we obtain the pion 
velocity as [S] 



vl(P;T) 



v* + Rx(v„p,p) 
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IL° ± (y„p,p;T) 



(ny 



(4.2) 



where (V^p, p) denotes a possible finite renormal- 
ization effect. Note that the renormalization condi- 
tion on V„ is determined as nj_(V^rp, p)\p—o = 0. 

In the following, we study the quantum and 
hadronic corrections to the pion velocity for T — > T c , 
on the assumption of the VM conditions 1)3.4(1 . As 
we defined above, the two-point function associated 
with the pion velocity v 7l (p; T) is Tl 1 ^ (po,p; T). The 
diagrams contributing to II^" are shown in Fig. ^ 
As mentioned in section |3| diagram (a) is propor- 
tional to and diagram (c) has the factor (a* — 1). 
Then these contributions vanish at the critical point. 
We consider the contribution from diagram (b) only. 
First we evaluate the quantum correction to the 
This is expressed as 



vacuum part rj(^' ac )( b )A lI/ 



n 



(vac)(b)/xw 



(p ,p)=N f 



d n k 



i(2n) n 



{-kl + V 2 k 2 ] [M 2 - (k - po) 2 + V 2 \k - 



where denotes the Ana vertex as 



+ V^ 9 ^~uV)}(2k-ph. 



(4.3) 



(4.4) 



We note that the spatial component of this vertex T l 
has an extra-factor V 2 as compared with the tempo- 
ral one. In the present analysis it is important to in- 
clude the quadratic divergences to obtain the RGEs 
in the Wilsonian sense. In Refs. |15I3I12| . the dimen- 
sional regularization was adopted and the quadratic 
divergences were identified with the presence of poles 
of ultraviolet origin at n = 2 |16j . In this paper 
when we evaluate four dimensional integral, we first 
integrate over ko from — oo to oo. Then we carry 
out the integral over three-dimensional momentum 
k with three-dimensional cutoff A3. In order to be 
consistent with ordinary regularization in four di- 
mension |15I3I12) . we use the following replacement 
associated with quadratic divergence: 



d n - Y k 1 

(27T)"- 1 k 
d n ~ x k W 



A*_ 

8n 2 ' 



(27T) 



n-1 



k 3 



.pi 



A 2 
8tt 2 



(4.5) 



(4.6) 



When we make these replacement, the present 
method of integral preserves chiral symmetry. 



As shown in Appendix A, n^ '* and n^ ac ' )s are 
independent of the external momentum. Accord- 
ingly, the finite renrmalization effect is also in- 
dependent of the external momentum and then van- 
ishes: 



Il±(V„p,p) = 0. 



(4.7) 



Thus in the following, we take the external momen- 
tum as zero. In that case, the temporal and spatial 
components of n^' ac ' >Ml ' are expressed as n^ ac ' )t = 



n 



(vac)OO 



and II 



(vac)s 



( < 5 i; V3)n ( L vac)4J . Taking the 
VM limit (M p — > and V a — > V n ), these components 
become 



limn 



(vac)OO 



VM 



(Po = P = 0) 



dk()d 



n-ll 



Nf_ 

4 J i(2ir) n 
N f f d n - x k I 



4fc 2 



kl + v 2 k 2 } 2 



4 J (27T)"- 1 V w k 
N f 1 A 2 
4~V4 87T 2 ' 



dkod^k 



\k l W 



4 * 



i(2Tr) n [- 
d^k k l W 



kl + V 2 k 2 } 2 



4 8tt 2 



(27T)™" 1 (V4fc) 3 
A 2 



(4.8) 



Thus we obtain the temporal and spatial parts as 

,. Tr(vac)t/ - n\ Nf 1 A 2 



4 V4 87T 2 ' 



VM 

l^r%o=P=0) = -^V^. (4.9) 

These quadratic divergences are renormalized by 
(^,barc) 2 and ^.bare-^.baw. respectively. Then 
RGEs for the parameters (i^) 2 and F^F* are ex- 
pressed as 

i 2 

(4.10) 



d Ft 



N f 1 ..2 



dp 



d(F*F$ 



(4^) 2 V* 
N f 



(4.11) 



^ dp (4tt) 2 

Both (F*) 2 and F%F£ scale following the quadratic 
running p 2 . However, the coefficient of p 2 in the 
RGE for (Fl) 2 is different from that for F*F£. 

When we use these RGEs, the scale dependence 
of the parametric pion velocity is 

d(F*FZ/(Ftf) 



dvi 

dp 



dp 



G 



N f 



»7T 



= 0. 



(4.12) 



This implies that the parametric pion velocity at the 
critical temperature does not scale. In other words, 
the Lorentz non-invariance at bare level is not en- 
hanced through the RGEs as long as we consider 
the pion velocity. As we noted below Eq. (j4.4|l . the 
factor V 2 is in the spatial component of the ver- 
tex T M . If V a were not equal to V w , the coefficients 
of running in the right-hand-side of Eqs. (|4.10|) and 
(|4.11l) would change. However, since the VM condi- 
tions do guarantee V a — V*, the quadratic running 
caused from A 2 in (F*) 2 and F*F£ are exactly can- 
celed in the second line of Eq. (|4.12|) . 

Next we study the hadronic thermal correction to 
the pion velocity at the critical temperature. The 
temporal and spatial parts of the hadronic thermal 
correction n^" contribute to the pion velocity, which 
have the same structure as those of the quantum cor- 
rection Tj^' ac ^ Atl/ , except for a Bose-Einstein distribu- 
tion function. Thus by the replacement of A 2 /(47r) 2 
with T 2 /12 in Tj| 1 rac ' >t ' s , hadronic corrections to the 
temporal and spatial parts of n^" are obtained as 
follows: 



tojina(po,p;T) = 
Umni(p ,P;T): 



^/J_T 2 

24 V„ 

24 



(4.13) 



Substituting Eq. (|4~T3|) into Eq. JOJ with II_l = 
as shown in Eq. (|4.7|l . we obtain the physical pion 
velocity in the VM as 

t^Tc y 2 nj(v^p ; t c ) - v; 2 n* x (Kp,p; r c ) 



v z 



(4.14) 



Since the parametric pion velocity in the VM does 
not scale with energy [see Eq. I)4.12|l ]. V n in the above 
expression is equivalent to the bare pion velocity: 

v w (p;T) = V rr>haIe (T) fovT^T c . (4.15) 

This implies that the pion velocity in the limit T — ► 
T c receives neither hadronic nor quantum corrections 
due to the protection by the VM. This is our main 
result. 

In order to clarify the reason of this non- 
renormalization property, let us recall the fact that 
only the diagram (b) in Fig.^contributes to the pion 
velocity at the critical temperature. Away from the 



critical temperature, the contribution of the mas- 
sive a (i.e., the longitudinal mode of massive vector 
meson) is suppressed owing to the Boltzmann fac- 
tor exp[— Mp/T], and then only the pion loop con- 
tributes to the pion velocity. Then there exists the 
0(T 4 ) correction to the pion velocity 0. Near the 
critical temperature, on the other hand, a becomes 
massless due to the VM since a (i.e., the longitudi- 
nal vector meson) becomes the chiral partner of the 
pion. Thus the absence of the hadronic corrections 
in the pion velocity at the critical temperature is due 
to the exact cancellation between the contribution of 
pion and that of its chiral partner a. Similarly the 
quantum correction generated from the pion loop is 
exactly cancelled by that from the a loop. 

5. Summary and Discussions 

In this paper, we started from the Lorentz non- 
invariant HLS Lagrangian at bare level and studied 
the pion velocity at the critical temperature based 
on the VM. From the analysis of the quantum and 
hadronic thermal corrections to the pion velocity, 
we obtained the result that the pion velocity in the 
limit T — > T c is equal to the bare pion velocity. In 
other words, the pion velocity does not receive ei- 
ther quantum or hadronic corrections at the critical 
temperature. This occurs due to the exact cancella- 
tion between the contribution of pion and that of the 
longitudinal vector meson (i.e., the chiral partner of 
pion) . 

Now we consider the meaning of our result (|4.15() . 
Based on the point of view that the bare HLS theory 
is defined from QCD, we presented the VM condi- 
tions realizing the chiral symmetry in QCD consis- 
tently, i.e, (g L ,a\a s ) -► (0,1,1) for T -► T c . This 
is the fixed point of the RGEs for the parameters 
g_L,a* and a s . As we showed in section although 
both pion decay constants (F*) 2 and F%F£ scale 
following the quadratic running, (F*) 2 and F*F£ 
show a different running since the coefficient of /j, 2 in 
Eq. (|4.1U|) is different from that in Eq. I|4.11|l . Nev- 
ertheless in the pion velocity at the critical temper- 
ature, the quadratic running in (F^) 2 is exactly can- 
celled by that in F%F% [see second line of Eq. Ij4.12jl ] . 
There it was crucial for intricate cancellation of the 
quadratic running that the velocity of a (i.e., longi- 
tudinal vector meson) is equal to its chiral partner, 
i.e., V a -> V n for T -> T c . Note that this is not 
an extra condition but a consequence from the VM 
conditions for a* and a s ; we started simply from 
the VM conditions alone and found that does 
not receive quantum corrections at the restoration 
point. As we showed in Eq. I|4.13|l . the hadronic 
correction to (i* 1 *) 2 is different from that to F^F£. 
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In the pion velocity, however, the hadronic correc- 
tion from (F*) 2 is exactly cancelled by that from 
F*F° [see second line of Eq. $£Tty ]. The VM con- 
ditions guarantee these exact cancellations of the 
quantum and hadronic corrections. This implies 
that (gz,, a*, a s , V4-) = (0, 1, 1, any) forms a fixed line 
for four RGEs of gz,, a*, a s and V^. When one point 
on this fixed line is selected through the matching 
procedure as done in Ref. (TJ|, namely the value of 
V^bare is fixed, the present result implies that the 
point does not move in a subspace of the parameters. 
This is likely the manifestation of a new fixed point 
in the Lorentz non-invariant formulation of the VM. 
Approaching the restoration point of chiral symme- 
try, the physical pion velocity itself would flow into 
the fixed point. 

Several comments are in order: 

We should distinguish the consequences within 
HLS/VM from those beyond HLS/VM. Clearly the 
determination of the definite value of the bare pion 
velocity is done outside HLS/VM. On the other 
hand, our main result Ij4.15|l holds independently 
of the value of the bare pion velocity itself. Ap- 
plying this result to the case where one starts from 
the bare HLS theory with Lorentz invariance, i.e., 
Vtt, bare = 1) one finds that the pion velocity at T c 
becomes the speed of light since v n — K\barc = 1, 
as obtained in Ref. [7|. 

As a consequence of the relation Ij4.15|l . we can 
determine the temporal and spatial pion decay con- 
stants at the critical temperature when we take the 
bare pion velocity as finite. In the following, we 
study these decay constants and discuss their deter- 
minations based on Eq. Ij4.15|l . Using Eq. Ij4.12|l . we 
solve the RGEs (|4.10|l and (|4.11|) and obtain a re- 
lation between two parametric pion decay constants 
as F*(0;T c )i^(Q;T c ) = V^(F*(0;T)) 2 . From this 
and (|4.13(l , the temporal and spatial pion decay con- 
stants with the quantum and hadronic corrections 
are obtained as 

Nt 

fU: = f:(0;W(o ; r c )-^j c 2 

= V*(£) 2 . (5.1) 

Since the order parameter vanishes as ex- 

pected at the critical temperature, we find that 
ftft = VZ(fl) 2 = 0. Multiplying both side by 
v 2 = V 2 , the above expression is reduced to 

(tif = VM) 2 = 0. (5.2) 

Now, the spatial pion decay constant vanishes at 
the critical temperature, f%(T c ) = 0. In the case 



of a vanishing pion velocity, /* can be finite at the 
restoration point. On the other hand, when V„ is fi- 
nite, Eq. (53| leads to /* (T c ) = 0. Thus we find that 
both temporal and spatial pion decay constants van- 
ish simultaneously at the critical temperature when 
the bare pion velocity is determined as finite. 

In order to know the value of the (bare) pion ve- 
locity, we need to specify a method that determines 
the bare parameters of the effective field theory. As 
we stressed in subsection l2.2l the bare parameters of 
the HLS Lagrangian are determined by the under- 
lying QCD. One possible way to determine them is 
the Wilsonian matching proposed in Ref. f| which 
is done by matching the axial-vector and vector cur- 
rent correlators derived from the HLS with those by 
the operator product expansion (OPE) in QCD at 
the matching scale A. From the analysis performed 
on the basis of a Wilsonian matching, the bare pion 
velocity at the critical temperature is found to be 
finite, i.e., V^barc ^ 17. Thus, by combining 
Eq. (|4.15() with estimation of K-^aro, the value of the 
physical pion velocity v w (T) at the critical tempera- 
ture is obtained to be finite ^3- This is in contrast 
to the result obtaied from the chiral theory |18I19| . 
where the relevent degree of freedom near T c is only 
the pion. Their result is that the pion velocity be- 
comes zero for T — > T c . Therefore from the exper- 
imental data, we may be able to distinguish which 
picture is correct, ~ 1 or v n — > 0. 
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Appendix 

A. Two-point Function 

In this appendix, we show that the temporal 
and spatial components of the two-point function 
jj(vac)^i/ are i nc [ e p en dent of the external momentum 
in the VM limit. 

From Eq. 14. 3 j) . n^' ac ^ b ^ I/ is rewritten as 

n (vac)(b)^ (p ^_ ) 

= V; ^XjiX»B^^(p ,p; M p , 0) 

= N f ^B^^(p ,p;M p ,0), (A.l) 
where we define 

X^u^ + V^-u^). (A.2) 
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In the above expression, we define the function 
£(vac)^ contributed to the dia gram (b) in Fig. ^ 
as 



5 (vac)M >o,p;M p ,o) 



dko f d 3 k 



?(2tt) J (2tt) 3 
{2k-pY{2k-pY 



[k 2 -^][(ko-Por-Hry 



(A.3) 



with 



2 1 r* -i2 



K) 2 - V;\k-ff + Ml (A.4) 

In terms of each components of B^ vac ^" , the tem- 
poral and spatial parts of B^ v are given by 

+ (i-y tT 2 )4 J B (vac)L bo,p;M p ,o) 

p z 

5 (vac)s (p ,P; M p , 0) = ^ 4 [i?( vac > s (M M p , 0) 

+ ^77^ 4^ (vac)L bo,P; M P , 0)1 . (A.5) 
V 2 p 2 J 

By using the expressions in Ref. [5], the componets 

B (vac) t) B (vac)s &nd £(vac)L t&ke the f U owing f orms: 

B^\p^p;M p ,Q) 



d 3 k 
(2irf 



-1 (2^-po) 2 

20^ (Uir -po) 2 ~ {UJ P P ) 2 

-1 (2^+p ) 2 



2 Wp > p , +p ) 2 -^ 2 

_ p-{2k-p) \ 1 2^ - p 

Po | 2w OT (w w - po) 2 - MO 2 

1 2^+p 
+ 2^ (wp'+po) 2 -^ 

B( vac ) s (p ,p;M p ,0) 



d 3 fc 
(2^ 



(2fc-p-p 2 ) s 

P 



1 



2^ (u, - po) 2 - (ojp) 2 

1 1 



+ 



2u£ (^+p ) 2 -^ 



Pop ■ {2k -p) 

J _J - po 

1 2^ (Ww - po) 2 - {uj p p f 



1 2coP+po 

+ 2^ K+p )2-^ 

£?( vac ) L (p ,p;M p ,0) 

d 3 k p 2 p-{2k-p) 
(27r) 3 pop 2 

1 2uj v - po 



2w w (w w - po) 2 - (uj p p ) 2 

1 2ujP + po 



2u£ K+po) 2 -^ 



(A.6) 



Now we take the VM limit. Note that the VM con- 
dition for a* and a s implies that a velocity becomes 
equal to the pion velocity, V a — > V v for T — > T c as 
shown in Eq. (JUS). The components B^\B^ vac > 
and £?( vac ) L are calculated as follows: 

UmB(™>W;Af p ,0)= ' / "'" ' 



VM v. - - r- - J (27r) 3 UIk 

1{k;Po,P) +P - (2k-p)J(k;po,p) 

[K - po) 2 - MO 2 ] [K + po) 2 - MO 2 ] ' 

(A.7) 

f d 3 k 1 1 

limB( vac ) s (po,p;Af p ,0)= ±JL — ± 
vm J (27r) 3 a>„. p J 

1 

x [K - po) 2 - K) 2 ][K +p ) 2 - K) 2 ] 

p ■ (2k -p)) 2 /C(fc;p ,p) 

+ p 2 p--(2fc-p)J(fc;p ,p)], (A.8) 

limB(-) L (po,p;M p ,0)= / ^ — ^ 
vm _/ (27r) 3 uj-k p z 

P- (2k-p)J(k;Po,P) 

[K - po) 2 - MO 2 ] [K + po) 2 - M) 2 ] ' 

(A.9) 

where we define the functions as 
I(fc;p ,p) 

= ul [Aul - 4K) 2 - 3p 2 ] +p 2 [p 2 - K) 2 ], 
J(k-,Po,P) = -Po[-3c^ 2 +p 2 - K) 2 ], 
/C(fc;p ,p)=c 2 +p 2 -K) 2 . (A.10) 

Using Eqs. I|A.7(I - (|A.9(I with these functions, we ob- 
tain £?( vac )M as 

r rfih _ 1 

\mxB^{p Q ,p;M p ,G)-- 



VM ~ - .- - r - - j (27r) 3 Cl^ 

J(fc;po,p) + K 2 p-(2fc-p)J(fc;p ,p) 
[K - po) 2 - M) 2 ] [K + po) 2 - M) 2 ] ' 

(A.11) 

d 3 k 1 1 



limS( vac ) s (p ,p;Mp,0) 



(27T) 3 LOr V 2 p 2 
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+ p 2 V*p-(2k-p)J(k;Po,P) 



K) 2 ] 



(A.12) 



The integrand of the functions IK™ )* and i?( vac ) s 
in the VM limit are same as those of B( vac )* and 
£?( vac ) s with V w = 1 when we make the following 
replacement in 5( vac )t. s : 



(A.13) 



The functions B^ vac ^' s with M n 



± p —r are indepen- 
dent of the external momentum po and p jE] 
Thus we find that the functions B^ c ^ and B {mc)s 
in the VM limit are obtained independently of the 
external momentum pq and p: 



limB^ t (p o ,p;M p ,0) = - 
|mBW s (p o ,p;Af„0) 
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